ABSTRACT
INTRODUCTION
Ships are susceptible to rolling motion especially subjected to beam sea, and the performance of seagoing surface vessels is affected by limiting the effectiveness of the crew, damaging cargo, and limiting the operation of on-board equipment. The rolling motion can be considered as linear motion while the maximal rolling angle is not large, and the problem can be analyzed by related theories. But, another motion defined as nonlinear motion which can not be investigated by the theories when the maximal rolling angle is quite large, is much more important and attracts the researchers since the damage it caused. Prediction of the nonlinear rolling motion is one of the most difficult things since it deals with a motion similar to a spring-mass damper system, poorly damped by ship generated waves, in addition to the action of waves from the seas. Compared with the other motions of the vessels, viscous effect contributes obviously in nonlinear rolling motion, and the motion can not be calculated accurately by the traditional potential theory. Because of the complexity of the viscous flow, nonlinear rolling motion is researched mainly by model test and empirical formula for a long time.Parametric excitation for rolling motion is used in 1861 by Froude [6] , and it is still under using by the researchers. Later, in 1977, Ikeda et al. [8] developed an empirical method to predict the roll damping according to a series of model experiments. Both these potential theories appeared weakly in the application until 1998, Yeung et al. [34] proposed a composite roll moment equation to address separately the wave damping and the viscous damping related to flow separations, and the viscous effect captured the attention of the researchers. In 2001, Chakrabarti [1] further decomposed the roll damping coefficient for a ship hull form to the skin friction of the hull, eddy shedding from the hull, free surface waves, lift effect damping, and bilge keel damping.
Meanwhile, some results of roll predictions in time domain based on potential flow [14] [19] showed partially dependent on empirical roll damping data which was limited to the pertinence relation of frequency and ship form. In addition to the numerical calculation results, Kwang et al. [13] in 2004 measured the velocity field in the vicinity of the structure by particle image velocimetry (PIV), and elucidated that the viscous damping (also called the eddy making damping) in a vortical flow affected the rolling motion of a blunt body. For this reason, numerical methods are in urgent [33] need for simulations of viscous flow and larger amplitude motions of surface ships. An unsteady Reynolds-averaged Navier-Stokes method which is based on an extension of CFDSHIP-IOWA (a general-purpose code for computational ship hydrodynamics) was developed by Robert V. Wilson(2006) [21] to predict ship motions with larger amplitude and non-slender geometry, in comparison to traditional linearized methods. Since then, a new way to investigate the nonlinear rolling motion is implemented, in which viscous method takes an important part. LUO Min-li(2011) [15] simulated the single-degree-offreedom forced motion of a ship section and computes added mass and damping coefficient of sway, heave, rolling and sway to roll mode Based on CFD RANS method. Pablo M. Carrica [18] simulated the fully appended ONR Tumblehome model DTMB 5613 with the ship hydrodynamics code CFDShip-Iowa v4.5 and validated against experiments of an auto-piloted, self propelled model ship. DTMB5512 model's roll damping motions at different initial roll angles were simulated based on CFD by YANG Bo [32] , and vessel's roll damping coefficients are calculated through the simulation results. A RANS based CFD solver with VOF modeling of free surface was employed to investigate the forced rolling motion of an intact ship, sloshing of water in tank and forced rolling motion of a damage ship by Qiuxin Gao [20] in 2012. YANG Chun-lei [33] simulated free decay and forced rolling at various forward speeds and amplitudes for a 3-D ship hull and predicted ship roll damping, in which a RANS solver was employed and a dynamic mesh technique was adopted and discussed in detail. The latest contribution of the researchers shows that viscous effect is an important part in the prediction of the nonlinear rolling motion, and the numerical model which takes the viscous flow into account is fit for describing the motion.
Bilge keels, which are longitudinal appendages, are effective passive devices in mitigating the motion [24] [25] [26] [27] , and the application is extended to many types of vessels. H.H. Chun [7] (2001) investigated the roll damping characteristics of three models of a 3-ton class fishing vessel representing the bare hull and hull with bilge keels by the free roll decay tests in calm water and also in uniform head waves in a towing tank, suggested that the bilge keel contribute significantly to the increment of the roll damping for zero speed even for small fishing vessels. Latter, different methods were adopted to discover the damping mechanism. Multiple time scales was applied by M. Eissa [15] (2003) to construct a second-order uniform expansion of the non-linear rolling response of a ship in regular beam seas, and found that the damping moment consisted of the linear term associated with radiation and viscous damping and a cubic term due to frictional resistance and eddies behind bilge keels and hard bilge corners. Kinnas et al. [11] [12] used a finite volume based Navier-Stokes solver to study vertical flows around bilge keels, and pointed out that the primary damping mechanism arising from a bilge keel was the formation and shedding of vortices. Discrete vortex method was also an important method developed by Vaidhyanathan [29] and Yeung et al. [35] . And based on desingularized blob vortices, which is applicable to free surface flows in the roll damping calculation of vessels with bilge keels and showed similar results. Then, some researchers investigated the effect [4] [17] of the bilge keels and the hydrodynamic force [2] [5] of the vessels with bilge keels, including the hydrodynamic flow [3] . Generally, the design of bilge keel width for conventional vessels is a balance between appendage resistance and roll reduction, and the effect of the bilge keels width is rare discussed, except for some special conditions [22] . Only Krish P. Thiagarajan [28] performed an experimental study involving a range of bilge keel widths from 0% to 20% of half beam of a FPSO with rectangular geometry in 2010. Both free decay and forced oscillation tests were conducted on the range of geometries at different amplitudes and frequencies. The results were analyzed by potential method and the analysis shows that, for given amplitude of rolling motion, the damping coefficient increases with increasing bilge keel size up to a certain point and then declines. The influence of the surface wave induced by the geometry was included in the damping moment measured in the experiment, and the effect of the viscous flow was ignored by the potential method which was used to analyse the result, so it is necessary to take these two problems into account in order to present a clear relationship between the bilge keel width and the viscous damping moment. But an important question presented by Krish P. Thiagarajan is whether there is a point of diminishing marginal returns for damping due to a larger bilge keel. In this paper, examines of the effect of bilge keel size through numerical simulation are conducted involving a range of bilge keel widths from 0% to 10% of half beam of a cylinder, and the cylinder is submerged in the water. The calculation is performed based on the viscous theory, no surface wave is induced by the rolling motion, and the damping moments are analysed directly without any potential method. The results show that there is minimal damping moment for the geometry with bilge keels while the bilge keel gets a special width, and the total damping moment is increased while the bilge keel size is increased and larger than the special one.
MATHEMATICAL MODEL
In order to avoid the influence of the surface wave induced by the motion of the geometry, a cylinder submerged in the water deep from the surface is used, and the model can be simplified as 2-D if the effect of the tip is ignored. In this way, the free surface is not necessary to simulate, also no need to take the buoyancy and gravity into account. The diameter of the two dimensional cylinder is defined as , and the width of the bilge keel is defined as . In the present paper, 1.0 m, the angle between bilge keels equals to degrees, and is variable in the different conditions. In the condition that cylinder without bilges, equals to 0, and the numerical model is shown in Fig.1 .
Fig. 1. Cylinder and the bilge keels
The rolling axis is the centre of the cylinder, and the function of the forced rolling motion is:
where φ is rolling angle, α is the maximal rolling angle, ω is rolling frequency, t is time, and α 0 is phase angle. The cylinder is defined at the equilibrium position which means φ = 0 when t = 0, so α 0 is π/2 in equation (1) . The relationship between rolling frequency ω and rolling period T is:
Taken as incompressible viscous fluid, the flow field should satisfy the equations of continuity:
The unsteady incompressible RANS are:
The turbulence model in the present simulations is the classical 2-equation eddy viscosity model, k -ω Shear Stress Transport (SST) model, and the equations of which are presented as follows:
The calculation method of the parameters can be found in the related theories.
The equations are coupled through the Pressure Implicit Split Operator (PISO) algorithm. For spatial discretization, a second order up-wind difference scheme and a central difference scheme are applied. The damping force is obtained by the integration of the pressure on the cylinder and bilge keels. The damping moment of the cylinder is defined as the damping force times D/2, and the damping moment of the bilge keels is defined as an integral of the damping force along the bilge keels.
VERIFICATION AND VALIDATION
For the simulation of the forced rolling motion of the 2-D cylinder under water with bilge keels, it is quite hard to perform experiment, but some mathematical methods can be used to verify and validate the calculation. The verification and validation (V&V) procedures, which is introduced and demonstrated by Wilson and Stern [23] [30] [31] , and suggested by the ITTC [9] [10] can be used to estimate the numerical and modelling errors along with uncertainties of the unsteady forced rolling motion simulations. Numerical uncertainty U SN is decomposed into contributions from iteration number, grid size, time step, and other parameters. The uncertainties caused by iteration number, grid size, time step, and other parameters are defined as U I , U G , U T and U P respectively. Simulation error δ SN also can be caused by the factors above, and those simulation errors are defined as δ I , δ G , δ T and δ P . In the present work, the time step is fixed while discussing the grid errors, and the iterative errors are considered to be negligible in comparison to those due to grid, so the uncertainties U SN and simulation errors δ SN are given by Three groups of structural grids defined as Grid1, Grid2 and Grid3 are generated for the flow field with systematic refinement ratio to estimate numerical errors and uncertainties due to grid size. The typically used refinement ratio is used in verification, and the grid spacing in the normal direction of the cylinder are 2.0 mm (coarse grid, Grid1) and 1.0 mm (fine grid, Grid3).
Using of this refinement ratio also makes a great increase of grid amount, and the total quantity of coarse/medium/fine grids are about 35K/70K/140K correspondingly.
Three cases are investigated, and the forced rolling period T of each case is 2 seconds while the maximal roll angle α are 10°, 20° and 30° respectively. The solutions of the damping moments of the forced rolling motion in 10 periods with Grid1, Grid2, and Grid3 are S 1 , S 2 and S 3 and are shown in Fig.2 , where the time coordinate of the damping moments history are rolling periods. Examination of solution changes between coarse/medium, ε 21 = S 2 -S 1 and medium/fine, ε 32 = S 3 -S 2 grids shows monotonic convergence ε 32 < ε 21 as shown in Fig.3 . Where T indicates rolling period. So that the convergence ratio R G can be determined by and Richardson extrapolation (RE) can be used to estimate the order-of-accuracy p G , and grid error δ G1 of Grid1 by where the correction factor C G is given by where is an estimate for the limiting order of accuracy as spacing size goes to zero and the asymptotic range is reached so that C G → 1 .When solutions are far from the asymptotic range, C G is sufficiently less than or greater than 1 and only the magnitude of the error is estimated through the uncertainty U G :
When C G is less than 1, it can be estimated by When solutions are close to the asymptotic range, C G is close to 1 so that U GC is estimated by And the result is given in Table1.
Tab. 1. Verification of predicted damping moment for cylinder without bilge keels
From the convergence tests, it was found that solution S 3 with the fine grid, Grid3, suffice for the convergence of the moment histories converged. The pressure gradient at the region around bilge keels varies significantly due to the presence of vortices, refining the grid size in the flow field will provide more accurate results. Therefore, Grid3 is used for the present simulation and the total number of elements is 140000. Where T is the rolling period. An interesting thing is shown in Fig 4 that when the width of the bilge keel equals to 10 mm, the damping moments are less than the one of the cylinder without bilge keels. A problem arisen from the results is, the total damping moments of the cylinder with bilge keels which are of special size may be less than the those in the condition that without bilge keels. Analysis of the data suggests that the minimal damping moment can be obtained while the width of the bilge keel is about 4 mm. The damping moments of the cylinder without bilge keels and those of the cylinder with 4 mm width bilge keels are compared in Fig.5 , and the damping moment history has rolling period as time coordinate. The rolling periods are T = 2.0, 3.0 and 4.0 s, and the maximal rolling angle α are 10°, 20° and 30° respectively. .0s, α=20°, (c) T=2.0s, α=30°, (d) T=3.0s, α=10°, (e) T=3.0s, α=20°,  (f) T=3.0s, α=30°, (g) T=4.0s, α=10°, (h) T=4.0s, α=20° and (i) T=4.0s, α=30°F (a) T=2.0s, α=10°, (b) T=2.0s, α=20°, (c) T=2.0s, α=30°, (d) T=3.0s, α=10°,  (e) T=3.0s, α=20°, (f) T=3.0s, α=30°, (g) T=4.0s, α=10°, (h) T=4.0s, α=20° and ( Where the curve of b = 0 mm indicates the damping moment history of cylinder without bilge keels, the curve of b = 4.0 mm indicates the total damping moment history of cylinder with 4.0 mm width bilge keels, the curve of b = 4.0 mm (cylinder) indicates the history of the damping moment induced only by the cylinder, and the curve of b = 4.0 mm (bilge keels) indicates the history of the damping moment induced by bilge keels in the same condition. It is shown clearly in Fig.6 that the damping moment induced by the cylinder is not effected obviously whether the bilge keels are attached or not, but there is a phase difference between the damping moments induced by cylinder and the one induced by bilge keels. What is more, the magnitudes of these two damping moments are almost the same, so the total damping moments are reduced in the conditions that the 4 mm width bilge keels are attached. The result is interesting and useful for the design of the bilge keels.
NUMERICAL RESULT AND ANALYSIS

ig. 5. Damping moment of the cylinder with bilge keels of given width for
It is shown in Fig.4 that if the width of the bilge keels is increased, the total damping moment increases also. In order to analyse the result carefully, two different cases which get the maximal and the minimum angular velocities are simulated, the rolling period is T = 2.0 s and the maximal rolling angle α is 30° for one case, and the rolling period is T = 4.0 s and the maximal rolling angle α is 10° for the other case. Comparison of the damping moments are performed in Fig.7 , in which t is computation time. Fig.7 that the magnitudes of the damping moments induced by the cylinder are almost the same even the width of the bilge keels are 30.0 mm, but the damping moment induced by the bilge keels is increased obviously. There is still a phase difference between the damping moment induced by cylinder and the one induced by bilge keels, but the damping moment induced by the bilge keels is quite larger than the one induced by cylinder and becomes the dominant part of the total damping moment.
Some calculations about the total damping moment are performed, in which the bilge keel width is 50.0 mm, in order to investigate the influence of the bilge keel width on the damping moment. Comparisons of the total damping moments in 10 periods induced by cylinder without bilge keels, with 30.0 mm width bilge keels and 50.0 mm width bilge keels are performed in Fig.8 , in which the damping moment history has computation time as time coordinate. The rolling periods are T = 2.0 and 4.0 s respectively, and the maximal rolling angle α are 10° and 30°. 
ig. 9. Formation and shedding of vortices for (a) t = 1/4 T, (b) t = 3/4 T
It is clearly shown in Fig.8 that when the cylinder is attached with 50.0 mm width bilge keels, the total damping moments induced by the cylinder and the bilge keels are larger than those induced by cylinder and 30.0 mm width bilge keels obviously, and they have the same trends which are different from those of the damping moments induced by the cylinder without bilge keels. It means that the damping moment induced by the bilge keels is increased rapidly while the width is increased, and it is the dominant part in the total damping moment.
The total damping moment induced by the cylinder with bilge keels in the present work is increased along with the increase of the bilge keel width when the width of the bilge keels is larger than the special size, and the primary damping mechanism arising from a bilge keel is the formation and shedding of vortices. The formation and shedding of vortices in a case is shown in Fig.9 in order to investigate the damping moment induced by bilge keels, in which the rolling period T is 4.0s, and the maximal rolling angle α is 30°.
In Fig.9 , it is shown that the flow field is affected by the bilge keels, and the vortices are formed around the bilge keels. Because of the rolling of the cylinder, the vortices are shedding from the bilge keels latter. After that, the vortices exist in the flow field for a long time and affect each other, for which the location and diameter of the vortices are affected. The formation and shedding of vortices are important reasons for the damping moment induced by the bilge keels, and Fig.9 shows an illustration for them. In the present work, the basic equation for the flow field is Reynolds Average Navier-Stokes equation, so the averaged velocity is used in the calculation and some of the small vortices are ignored.
CONCLUSION
In order to investigate the effect of bilge keels on the damping moment, a special two dimensional model is designed and studied. In this way, some factors such as the influence of the surface wave, the interaction between the cylinder and the induced wave, as well as the effect of the length of the bilge keels are ignored. A viscous code based on the SST k -ω viscous model is developed and used for the simulation of the forced rolling motion; the results are verified and validated by suggested method. An interesting issue shown in the results is that there is a phase difference between the damping moment induced by the cylinder and bilge keels, so the total damping is mitigated when the bilge keel width gets a special size. If the width of the bilge keel is increased and larger than the special size, the damping moment induced by the cylinder is not changed obviously, which means the flow field around the cylinder is affected by the bilge keel size weakly. But the damping moment induced by the bilge keels is increased quickly, and become the dominant part in the total damping moment. The formation and shedding of vortices is shown in detail. The numerical model used in the paper seems significant for the investigation of the bilge keels' effect. The viscous method is well known, but the usage of it for the analysis of the damping moment components and the relationship seems to be new and turns out to be useful for the design of the bilge keel.
